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Abstract We consider the numerical pricing of American options under Heston’s
stochastic volatility model. The price is given by a linear complementarity problem
with a two-dimensional parabolic partial differential operator. We propose operator
splitting methods for performing time stepping after a finite difference space discret-
ization. The idea is to decouple the treatment of the early exercise constraint and the
solution of the system of linear equations into separate fractional time steps. With
this approach an efficient numerical method can be chosen for solving the system of
linear equations in the first fractional step before making a simple update to satisfy the
early exercise constraint. Our analysis suggests that the Crank–Nicolson method and
the operator splitting method based on it have the same asymptotic order of accuracy.
The numerical experiments show that the operator splitting methods have comparable
discretization errors. They also demonstrate the efficiency of the operator splitting
methods when a multigrid method is used for solving the systems of linear equations.

Mathematics Subject Classification (2000) 35K85 · 65M06 · 65M55 ·
65Y20 · 91B28

1 Introduction

The option prices obtained using the Black–Scholes model [2] are usually not consis-
tent with the market prices for options. One possible remedy is to make the volatility
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to be a function of time and the value of the underlying asset. By calibrating this func-
tion consistent option prices can be obtained. Another approach is to assume that the
volatility of the price process is also stochastic. Such models have been considered,
for example, in [1,13,17,19]. In this paper, we will use the stochastic volatility model
introduced by Heston for pricing American options [17]. The stochastic volatility
models offer much better match with market prices than the Black–Scholes model,
but they still cannot account rapid jump-like movements in price and volatility; see
[6] and references therein.

The price of European options can be computed using analytical expressions for
Heston’s model [17]. The early exercise possibility of American options leads to non-
linear free boundary problems described by partial differential inequalities which are
also called in different disciplines as variational inequalities, linear complementarity
problems, and obstacle problems. Usually numerical methods are used to approx-
imate the prices of American options. Already Brennan and Schwartz proposed a
finite difference discretization for the one-dimensional Black–Scholes equation and
then a direct solution method for pricing American options [4]. Huang and Pang con-
sider various iterative methods for resulting linear complementarity problems in [18].
Heston’s model has an additional space variable related to the volatility. In numerical
approximations, it is usually chosen to be the variance of the price process, which
is the square of the volatility. This additional variable makes the discretization and
solution procedures more complicated as well as computationally more expensive.
In the following, we review three papers and one report which have considered such
option pricing problems.

Clarke and Parrott considered the discretization of a partial differential inequal-
ity for the price of an American option using finite differences for space derivatives
and a slightly stabilized Crank–Nicolson method for the time derivative [8,9]. They
performed a coordinate transformation to increase the accuracy of the space discret-
ization with uniform grid step sizes. They proposed a special version of a projected
full approximation scheme (PFAS) multigrid [3] for the solving arising linear comple-
mentarity problems. Their method uses a special projected line Gauss-Seidel smoother
which in part made the considered method rather complicated and problem specific.
The advantage of such a multilevel method is that the number of iterations required
to solve a linear complementarity problem is essentially independent of the grid step
size and, thus, the computational cost of this iterative solution is of optimal order.

Zvan et al. [30] discretized the partial differential inequality using finite
element/volume method together with a nonlinear flux limiter for convection terms.
They formulated linear complementarity problems using nonlinear penalty terms. The
solutions of the arising nonlinear problems were obtained with an inexact Newton
method and the linear problems with approximate Jacobians were solved with an
incomplete LU preconditioned CGSTAB method. The method proposed by Zvan,
Forsyth and Vetzal is simpler than the one by Clarke and Parrott, but the number of
iterations required by the CGSTAB method increases when the grid step size decreases.

Oosterlee performed the space discretization using central differences for the dif-
fusion and second-order upwind differences for the convection [25]. The time discret-
ization was based on the second-order accurate backward finite difference scheme.
Oosterlee studied the PFAS multigrid for linear complementarity problems. The qual-
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ity of various smoothers for the multigrid was analyzed. This lead to the conclusion that
only an alternating line smoother is robust. Also a recombination technique for iterates
was proposed and tested. It improved the convergence of multigrid methods, but it
could not regain a grid step size independent convergence if the multigrid method did
not have this property without the recombination. Based on [25], it seems that a robust
and efficient PFAS multigrid has to use a rather involved smoother for linear comple-
mentarity problems arising from the pricing American options using Heston’s model.

Due to the previous observations we will pursue an alternative way to treat the
early exercise constraint. Our approach is based on operator splitting methods which
are commonly used to handle the incompressibility constraint in computational fluid
dynamics [15]. Previously operator splitting methods have been applied for obsta-
cle problems by Lions and Mercier [23], for example. In our earlier paper, [21], we
proposed operator splitting methods for pricing American options under the Black–
Scholes model. The idea is divide each time step into two fractional time steps. The
first step integrates a partial differential equation with an auxiliary variable over the
time step. The second step makes a simple update so that the solution and the auxil-
iary variable satisfies the linear complementarity conditions due to the early exercise
constraint. Such a splitting introduces additional error and, thus, it is necessary to
show that this error is sufficiently small so that this approach can be used to price
options accurately. Our numerical experiments in [21] showed that for the Black–
Scholes model the accuracy with a splitting is essentially the same as without it. The
computational cost of the operator splitting method is about the same as the cost of
the explicit payoff method which has been considered for one-dimensional American
option pricing problems in [10,11,20], for example. The difference between these
methods is that the operator splitting method uses the auxiliary variable to improve
the accuracy.

The purpose of this paper is to introduce operator splitting methods for pricing
American options using Heston’s model and also study their accuracy and efficiency.
We analyse the difference between the solutions obtained using the Crank–Nicolson
method and the operator splitting method based on it. We also compare numeri-
cally the accuracy of solutions when the operator splitting method and the projected
SOR (PSOR) method are used. Our analysis and numerical experiments suggest
that the additional error due to the splitting does not reduce the order of accuracy
when compared to the corresponding unsplit scheme. The operator splitting method
enables the use of efficient solution procedures for the system of linear equations
since the early exercise constraint is treated in a separate fractional time step. In the
numerical experiment, we apply a multigrid method at the first fractional step of the
splitting.

The outline of this paper is the following. In the second section, we describe Heston’s
model and a partial differential inequality for pricing American options. The third
section introduces finite difference discretizations applied for the parabolic partial
differential equation. In the fourth section, we propose our operator splitting method
in the case of four different time discretization schemes. The next section analyses
the operator splitting method based on the Crank–Nicolson method. The multigrid
method used in our experiments is described in the following section. The seventh
section presents numerical experiments and the last section contains conclusions.
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2 Option pricing model

In the following, we describe stock price and variance processes, a partial differential
inequality, an initial value, and boundary conditions for the American option pric-
ing model. This section defines a problem whose numerical solution is studied in the
consecutive sections. Our formulation and notations are based on [17,25,30].

In Heston’s model, stochastic differential equations

dxt = µxt dt + √
yt xt dw1, (1)

dyt = α(β − yt )dt + γ
√

yt dw2, (2)

define the stock price process xt and the variance process yt . Equation (1) models the
stock price process xt . The parameter µ is the deterministic growth rate of the stock
price and

√
yt is the standard deviation (the volatility) of the stock returns dx/x . The

model for the variance process yt is given by (2). The volatility of the variance process
yt is denoted by γ and the variance will drift back to a mean value β > 0 at a rate
α > 0. These two processes contain randomness as w1 and w2 are Brownian motions
with a correlation factor ρ ∈ [−1, 1] [9,30].

A two-dimensional parabolic partial differential inequality can be derived for the
price of the American option using the previous stochastic volatility model; see for
example [30] and references therein. We define Heston’s operator

Lu = ∂u

∂τ
− 1

2
yx2 ∂2u

∂x2 − ργ yx
∂2u

∂x∂y
− 1

2
γ 2 y

∂2u

∂y2 − (r + s)x
∂u

∂x

− {
α(β − y) − ϑγ

√
y
} ∂u

∂y
+ ru, (3)

where τ = T − t is the time to expiry, r is a risk free interest rate, s is the yield
of continuously paid dividends, and ϑ is a so-called market price of the risk. In the
following, we assume ϑ to be zero as has been done in many previous studies like in
[25]. The original option pricing problem is a final value problem, since the value of
the option is known at the expiry. Similarly to [9,17,25], we have transformed this
problem to be an initial value problem with the operator L in (3) which is a more
common form.

The option pricing problem is defined in an unbounded domain {(x, y, τ )| x ≥
0, y ≥ 0, τ ∈ [0, T ]}. In order to use finite difference approximations for space
variables, we truncate a finite computational domain

(x, y, τ ) ∈ [0, X ] × [0, Y ] × [0, T ] = Ω × [0, T ], (4)

where X and Y are sufficiently large.
For a put option the payoff function is

g(x) = max(K − x, 0) (5)
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and for a call option it is

g(x) = max(x − K , 0), (6)

where K is the exercise price. The value at the expiry gives the initial value for u, that
is,

u(x, y, 0) = g(x) (x, y) ∈ [0, X ] × [0, Y ]. (7)

On the truncation boundaries, we use the Neumann boundary conditions

∂u

∂x
(X, y, τ ) = ∂g

∂x
(X), (y, τ ) ∈ [0, Y ] × [0, T ], (8)

∂u

∂y
(x, Y, τ ) = 0, (x, τ ) ∈ [0, X ] × [0, T ]. (9)

Due to the early exercise possibility of the American option, we have to include the
following early exercise constraint for the option price:

u(x, y, τ ) ≥ g(x), (x, y, τ ) ∈ Ω × [0, T ]. (10)

The price of the American option based on the stochastic volatility model can be
obtained by solving a time-dependent linear complementarity problem (LCP) [18]

Lu ≥ 0, u ≥ g, (u − g)Lu = 0, (11)

for (x, y, τ ) ∈ Ω × [0, T ] with the initial and boundary conditions (7)–(9).
On the boundary x = 0, the LCP has the form

Lu = ∂u

∂τ
− 1

2
γ 2 y

∂2u

∂y2 − α(β − y)
∂u

∂y
+ ru ≥ 0,

u ≥ g(0), (u − g(0))Lu = 0. (12)

These inequalities and equation do not depend on the solution v in the interior of the
domain. For put and call options, these are equivalent with the Dirichlet boundary
condition

u(0, y, τ ) = g(0), (y, τ ) ∈ [0, Y ] × [0, T ]. (13)

We will use this boundary condition in the numerical solution. On the boundary y = 0,
the LCP has the form

Lu = ∂u

∂τ
− (r + s)x

∂u

∂x
− αβ

∂u

∂y
+ ru ≥ 0,

u ≥ g(x), (u − g(x))Lu = 0.

(14)
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The parameters α and β are positive and, thus, the coefficient of ∂u
∂y is negative. The

direction of the characteristic curve of the first-order operator L on the boundary y = 0
is outward from the domain which means that no boundary condition needs to be posed
on this boundary.

In this paper, we propose operator splitting methods to solve the LCP (11). These
splittings are based on the formulation with an auxiliary variable λ and, hence, the
LCP is reformulated as

{
Lu = λ,

λ ≥ 0, u ≥ g, (u − g)λ = 0,
(15)

for (x, y, τ ) ∈ Ω × [0, T ] with the initial and boundary conditions (7)–(9).

3 Discretization of the PDE

A numerical solution of the American option pricing problem (11) requires the dis-
cretization of Heston’s operator (3). In the following, we perform the discretization of
the spatial derivatives using a seven point finite difference stencil and, moreover, we
consider four time discretization schemes.

The discretization is performed using a uniform space-time finite difference grid
for the computational domain defined in (4). Let the number of grid steps to be m, n
and l in the x-direction, in the y-direction, and in the τ -direction, respectively. The
grid steps to these directions are denoted by ∆x = X/m, ∆y = Y/n, and ∆τ = T/ l.
The grid point values of a finite difference approximation are denoted by

u(k)
i, j ≈ u(xi , y j , τk) = u(i∆x, j∆y, k∆τ), (16)

where i = 0, . . . , m, j = 0, . . . , n, and k = 0, . . . , l.

3.1 Space discretization

In Heston’s operator (3), all partial derivatives have variable coefficients. In part of
the domain, a first-order derivative dominates the second-order one. The operator also
contains a second-order cross-derivative term. Due to these reasons it is not easy to
construct a discretization with good properties and accuracy. The discretization of
these spatial derivatives is considered in [9,25,30], for example.

Usual finite difference approximations lead to some positive off-diagonal elements
in a matrix due to the cross-derivative and dominating first-order derivative. These
elements can lead to oscillations in the solution. A strictly diagonal dominant matrix
with positive diagonal elements and non-positive off-diagonal elements has an M-
matrix property. With such matrices the solutions are oscillation free with sufficiently
well-behaving right-hand sides. For example, the Crank–Nicolson time discretization
can lead to badly behaving right-hand sides.
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In the following, we describe a seven point finite difference stencil which is based
on some added diffusion in order to obtain an M-matrix. In order to simplify notations,
the derivation of the space discretization scheme is described for a partial differential
equation with general coefficients

∂u

∂τ
+ a

∂2u

∂x2 + b
∂2u

∂x∂y
+ c

∂2u

∂y2 + d
∂u

∂x
+ e

∂u

∂y
+ f u = 0. (17)

The first-order and second-order spatial derivatives, except the cross-derivative
term, are approximated with the standard second-order accurate central finite differ-
ences. When a first-order derivative dominate the corresponding second-order deriv-
ative we increase the size of the coefficient of the second-order derivative in order to
avoid positive off-diagonal elements. The discretization is not second-order accurate
where diffusion has been added in this way. It is easy to show that our approach is
equivalent with using a combination of first-order one-sided differences and the central
differences for the first-order derivative. Another approaches are not to add diffusion
[22], to use second-order one-sided differences [18,25], or employ a flux-limiter [30].
The influence of positive off-diagonal entries has been studied in [31].

We denote the central finite difference operators for the first-order derivatives by

δx ui, j = ui+1, j − ui−1, j

2∆x
and δyui, j = ui, j+1 − ui, j−1

2∆y
, (18)

and for the second-order derivatives by

δ2
x ui, j = ui+1, j − 2ui, j + ui−1, j

∆x2 and δ2
yui, j = ui, j+1 − 2ui, j + ui, j−1

∆y2 . (19)

Next, we consider the discretization of the second-order cross-derivative term; a
similar discretization for this term is described in [22,24]. We assume here that the
coefficient b for the cross-derivative in (17) is non-positive. From the Taylor series we
obtain approximations

u(xi+1, y j+1) ≈ u + ∆x
∂u

∂x
+ ∆y

∂u

∂y

+ 1

2

(
∆x2 ∂2u

∂x2 + 2∆x∆y
∂u

∂x∂y
+ ∆y2 ∂2u

∂y2

)
and

(20)
u(xi−1, y j−1) ≈ u − ∆x

∂u

∂x
− ∆y

∂u

∂y

+ 1

2

(
∆x2 ∂2u

∂x2 + 2∆x∆y
∂u

∂x∂y
+ ∆y2 ∂2u

∂y2

)
,

where the value for u and its derivatives on the right side are evaluated at the grid
point (xi , y j ). If b would be positive then we would form similar approximations for
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the grid point values u(xi+1, y j−1) and u(xi−1, y j+1), and use them in the derivation.
By summing the equations in (20) and then dividing the result by 2∆x∆y, we obtain

∂u

∂x∂y
≈ 1

2∆x∆y

[
u(xi+1, y j+1) − 2u(xi , y j ) + u(xi−1, y j−1)

]

− ∆x

2∆y

∂2u

∂x2 − ∆y

2∆x

∂2u

∂y2 . (21)

By performing the discretization of the cross-derivative using (21), we obtain an
approximation for the second-order derivatives in (17) having the form

a
∂2u

∂x2 + b
∂2u

∂x∂y
+ c

∂2u

∂y2 ≈
[

a − b∆x

2∆y

]
∂2u

∂x2 +
[

c − b∆y

2∆x

]
∂2u

∂y2

+ b

2∆x∆y

[
u(xi+1, y j+1) − 2u(xi , y j ) + u(xi−1, y j−1)

]
. (22)

Using the central finite differences (18) and (19) together with (22), we can approx-
imate the partial differential equation (17) by the semi-discrete equation

∂u

∂τ
+
[

a − b∆x

2∆y
+ aadd

]
δ2

x ui, j +
[

c − b∆y

2∆x
+ cadd

]
δ2

yui, j + dδx ui, j + eδyui, j

+ b

2∆x∆y

[
ui+1, j+1 − 2ui, j + ui−1, j−1

]+ f ui, j = 0, (23)

where the coefficients aadd and cadd are due to additional diffusion in the x- and y-direc-
tion, respectively. We choose them so that all off-diagonal elements of the resulting
matrix are non-positive. This leads to the formulas

aadd = min

(
−a + b

∆x

2∆y
+ d

∆x

2
,−a + b

∆x

2∆y
− d

∆x

2
, 0

)
,

cadd = min

(
−a + b

∆y

2∆x
+ e

∆y

2
,−a + b

∆y

2∆x
− e

∆y

2
, 0

)
.

(24)

This defines a seven point discretization stencil. For Heston’s partial differential oper-
ator (3) the coefficients in the above are

a = −1

2
y j x2

i , b = −ργ y j xi , c = −1

2
γ 2 y j ,

d = −(r + s)xi , e = −α(β − y j ), and f = r.
(25)

We can also use the finite difference stencil (23) on the boundary y = 0 where the
operator has the form given in (14). The additional diffusion cadd in the y-direction
zeroes the weights due to ∂u

∂y referring to the values outside the domain. This is equiv-

alent with using an one-sided difference to approximate ∂u
∂y .
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We treat the Neumann boundary conditions (8) and (9) in the following way. Let us
consider the boundary x = X . At a grid point (m, j), j = 0, . . . , n, the boundary con-
dition is ∂u(X, y j , τ )/∂x = 0. We approximate it using the central finite difference
stencil in (18) and we obtain

δx um, j = um+1, j − um−1, j

2∆x
= ∂g

∂x
(X). (26)

From this it follows that the fictitious grid point value um+1, j outside the computational
domain has the value

um+1, j = um−1, j + 2∆x
∂g

∂x
(X). (27)

We can use this formula to eliminate all fictitious grid point values um+1, j , j =
0, . . . , n, appearing in the stencil (23) when it is applied on the boundary x = X . The
other Neumann boundary condition on y = Y can be handled in the same way.

For a put option, the space discretization leads to a semi-discrete equation which
has the matrix representation

∂u
∂τ

+ Au = 0, (28)

where A is an m(n + 1) × m(n + 1) matrix and u is a vector of length m(n + 1). For
a call option, we have a non-zero right-hand side vector due to the non-homogeneous
Neumann boundary condition (8).

3.2 Time discretization

In the following, we consider the discretization of the time derivative in (3). The
stability properties of time discretization schemes are essential in the option pricing
problems as the initial value (7) has discontinuous first derivative. We consider the
implicit Euler method and three second-order accurate methods: the Crank–Nicolson
method, the backward difference formula, and a Runge-Kutta scheme.

The first-order accurate implicit Euler scheme reads

(I + ∆τA) u(k+1) = u(k), for k = 0, . . . , l − 1. (29)

A well-known second-order accurate time discretization is the Crank–Nicolson
method given by

(
I + 1

2
∆τA

)
u(k+1) =

(
I − 1

2
∆τA

)
u(k), for k = 0, . . . , l − 1. (30)

This scheme is unconditionally stable which means that no restriction for the step size
∆τ is needed [29]. Despite of this stability property, this method can cause oscillations
in numerical solutions; see [14,26], for example.
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The second-order accurate backward difference formula (BDF2) is

(
I + 2

3
∆τA

)
u(k+1) = 4

3
u(k) − 1

3
u(k−1), for k = 1, . . . , l − 1, (31)

where u(k+1) is computed using the solutions at two previous time steps k and k − 1.
Hence, the solution u(1) of the first time step has to be obtained using another method.
The most typical choice for this is the implicit Euler method which we will also use in
our numerical experiments. This scheme has better stability properties than the Crank–
Nicolson method. This time discretization was applied to option pricing problems in
[25].

The Runge-Kutta scheme considered here consists of the following two steps:

{
(I + θ∆τA)u(k+1) = (I − (1 − θ)∆τA)u(k),

(I + θ∆τA)u(k+1) = (
I − 1

2∆τA
)

u(k) − ( 1
2 − θ

)
∆τAu(k+1),

(32)

for k = 0, . . . , l − 1. This scheme was proposed and shown to be L-stable in [7]. In
order to obtain a second-order accuracy, the parameter θ has to be θ = 1 − 1/

√
2.

4 Operator splitting methods

Once the space and time discretizations are performed, the solution of (11) is obtained
by solving the sequence of discrete LCPs

⎧
⎨

⎩

Bu(k+1) ≥ Cu(k), u(k+1) ≥ g,

(
Bu(k+1) − Cu(k)

)T (
u(k+1) − g

) = 0,

(33)

for k = 0, . . . , l − 1. For the alternative formulation (15) the discrete problems read

⎧
⎪⎨

⎪⎩

Bu(k+1) = Cu(k) + ∆τλλλ(k+1),

λλλ(k+1) ≥ 0, u(k+1) ≥ g,
(
λλλ(k+1)

)T (
u(k+1) − g

) = 0,

(34)

for k = 0, . . . , l − 1. Next, we present the operator splitting methods based on the
formulation (34) for solving the time-dependent LCPs.

Our operator splitting methods have two fractional time steps. In the first frac-
tional step, a system of linear equations is solved and, in the second step, an inter-
mediate solution and the auxiliary variable λλλ are updated in such a way that they
satisfy their constraints. According to (34), the solution is required to satisfy the
early exercise constraint of the option pricing problem while the components of λλλ are
required to be non-negative. Since the form of the operator splitting methods depends
on the underlying time discretization, we describe the operator splitting methods for
all previously described time discretizations.

123



Operator splitting methods for pricing American options 309

The operator splitting method in the case of the implicit Euler scheme reads

(I + ∆τA) ũ(k+1) = u(k) + ∆τλ̃λλ
(k+1)

, (35)

⎧
⎪⎨

⎪⎩

u(k+1) − ũ(k+1) − ∆τ
(
λλλ(k+1) − λ̃λλ

(k+1)
)

= 0,

λλλ(k+1) ≥ 0, u(k+1) ≥ g,
(
λλλ(k+1)

)T (
u(k+1) − g

) = 0,

(36)

for k = 0, . . . , l − 1. The vector λ̃λλ
(k+1)

is an approximation of λλλ(k+1) in (34). The
simplest choice is to assume it to stay the same, that is,

λ̃λλ
(k+1) = λλλ(k). (37)

An alternative is to use the linear extrapolation which yields

λ̃λλ
(k+1) = 2λλλ(k) − λλλ(k−1) (38)

for k = 1, . . . , l − 1.
At each time step k, the above operator splitting method requires the solution of

the system of linear equations (35) and the update for the intermediate solution ũ(k+1)

and the variable λ̃λλ
(k+1)

. The update to satisfy (36) can be performed componentwise
using a simple formula. The computational cost of this step is negligible compared to
the cost of the solution of the system of linear equations (35) and, thus, the speed of
the operator splitting method (35) and (36) is determined by the solution method of
the system of linear equations.

Similarly the operator splitting method based on the Crank–Nicolson method is

(
I + 1

2
∆τA

)
ũ(k+1) =

(
I − 1

2
∆τA

)
u(k) + ∆τλ̃λλ

(k+1)
, (39)

⎧
⎪⎨

⎪⎩

u(k+1) − ũ(k+1) − ∆τ
(
λλλ(k+1) − λ̃λλ

(k+1)
)

= 0,

λλλ(k+1) ≥ 0, u(k+1) ≥ g,
(
λλλ(k+1)

)T (
u(k+1) − g

) = 0,

(40)

for k = 0, . . . , l −1. The proposed operator splitting based on the BDF2 time discret-
ization reads

(
I + 2

3
∆τA

)
ũ(k+1) = 4

3
u(k) − 1

3
u(k−1) + 2

3
∆τλ̃λλ

(k+1)
, (41)

⎧
⎪⎨

⎪⎩

u(k+1) − ũ(k+1) − 2
3∆τ

(
λλλ(k+1) − λ̃λλ

(k+1)
)

= 0,

λλλ(k+1) ≥ 0, u(k+1) ≥ g,
(
λλλ(k+1)

)T (
u(k+1) − g

) = 0,

(42)
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for k = 1, . . . , l − 1. Again, the intermediate solution ũ(k+1) is obtained by solving

(41) and the update for this solution and λ̃λλ
(k+1)

are performed using Eq. (42).
The Runge-Kutta scheme is a two step time discretization method and, thus, the

operator splitting method based on this Runge-Kutta scheme requires two solutions
of linear systems of equations. After these, the intermediate solution ũ(k+1) and the

variable λ̃λλ
(k+1)

are updated to satisfy their constraints. The splitting method is

(I + θ∆τA)u(k+1) = (I − (1 − θ)∆τA)u(k) + (1 − θ)∆τλ̃λλ
(k+1)

, (43)

(I+θ∆τA)ũ(k+1) =
(

I− 1

2
∆τA

)
u(k)−

(
1

2
−θ

)
∆τAu(k+1)+(1−θ)∆τλ̃λλ

(k+1)
,

(44)
⎧
⎨

⎩

u(k+1) − ũ(k+1) − ∆τ
(
λλλ(k+1) − λ̃λλ

(k+1)
)

= 0,

λλλ(k+1) ≥ 0, u(k+1) ≥ g,
(
λλλ(k+1)

)T (
u(k+1) − g

) = 0,
(45)

for k = 0, . . . , l − 1.

5 Accuracy considerations for operator splitting methods

In the following, we study the accuracy of the operator splitting method based on

the Crank–Nicolson method with λ̃λλ
(k+1)

chosen as in (37). These considerations
can be easily extended also for the operator splitting method based on the implicit
Euler method. We compare the solutions of discrete LCPs obtained using the Crank–
Nicolson method and the operator splitting method based on it. Under some assump-
tions we give an estimate for this difference in Theorem 1.

For the analysis, we need a version of the Crank–Nicolson method which uses the
auxiliary variable λ. It is given by

(
I + 1

2
∆τA

)
u(k+1) =

(
I − 1

2
∆τA

)
u(k) + ∆τ λλλ(k+1), (46)

λλλ(k+1) ≥ 0, u(k+1) ≥ g,
(
λλλ(k+1)

)T (
u(k+1) − g

)
= 0. (47)

The operator splitting method is the same as in (39) and (40). In order to compare the
solutions, we denote the approximations for u and λλλ in the operator splitting method
by û and λ̂λλ, respectively. Thus, the method reads

(
I + 1

2
∆τA

)
ũ(k+1) =

(
I − 1

2
∆τA

)
û(k) + ∆τλ̂λλ

(k)
, (48)

û(k+1) − ũ(k+1) − ∆τ
(
λ̂λλ

(k+1) − λ̂λλ
(k)
)

= 0, (49)

λ̂λλ
(k+1) ≥ 0, û(k+1) ≥ g,

(
λ̂λλ

(k+1)
)T (

û(k+1) − g
)

= 0. (50)
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The following lemma gives two algebraic relations for the differences of the solution
vectors generated by the methods.

Lemma 1 The vectors in the Crank–Nicolson method (46) and (47) and the operator
splitting method (48)–(50) satisfy

(
I+ 1

2
∆τA

)(
d(1) − ∆τδδδ(1)

)
=
(

I − 1

2
∆τA

)
d(0)− 1

2
(∆τ)2A

(
λλλ(1) − λ̂λλ

(0)
)

(51)

and

(
I + 1

2
∆τA

)(
d(l) − ∆τδδδ(l)

)
=
(

I − 1

2
∆τA

)
d(l−1) − 1

2
(∆τ)2

× A
(
δδδ(l−1) + λλλ(l) − λλλ(l−1)

)
(52)

for l ≥ 2, where

d(k) = u(k) − û(k) and δδδ(k) = λλλ(k) − λ̂λλ
(k)

. (53)

Proof Let the index k be an arbitrary integer such that 0 ≤ k ≤ l − 1. We start by
eliminating the intermediate solution ũ(k+1) in the splitting method (48)–(50). The

Eq. (49) gives us ũ(k+1) = û(k+1) − ∆τ(λ̂λλ
(k+1) − λ̂λλ

(k)
) and by substituting it to (48)

we get

(
I+ 1

2
∆τA

)
û(k+1) =

(
I− 1

2
∆τA

)
û(k)+∆τλ̂λλ

(k+1)+ 1

2
(∆τ)2A

(
λ̂λλ

(k+1)−λ̂λλ
(k)
)

.

(54)

By subtracting this from (46) we obtain

(
I+ 1

2
∆τA

)
d(k+1) =

(
I− 1

2
∆τA

)
d(k)+∆τδδδ(k+1)− 1

2
(∆τ)2A

(
λ̂λλ

(k+1)−λ̂λλ
(k)
)

.

(55)

Subtracting (I + 1
2∆τA)∆τδδδ(k+1) from both sides and using δδδ(k+1) + λ̂λλ

(k+1) − λ̂λλ
(k) =

λλλ(k+1) − λ̂λλ
(k)

gives us

(
I+ 1

2
∆τA

)(
d(k+1)−∆τδδδ(k+1)

)
=
(

I− 1

2
∆τA

)
d(k)− 1

2
(∆τ)2A

(
λλλ(k+1)−λ̂λλ

(k)
)

.

(56)

From this we get the Eq. (51) by choosing k = 0.
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By subtracting from (56) the same equation with one smaller indices (k → k − 1)
we get

(
I + 1

2
∆τA

)[
d(k+1) − ∆τδδδ(k+1) −

(
d(k) − ∆τδδδ(k)

)]
=
(

I − 1

2
∆τA

)

×
(

d(k) − d(k−1)
)

− 1

2
(∆τ)2A

(
λλλ(k+1) − λλλ(k) − λ̂λλ

(k) + λ̂λλ
(k−1)

)
(57)

for 1 ≤ k ≤ l − 1. Calculating the sum of these equations from k = 1 to k = l − 1
gives us

(
I + 1

2
∆τA

)[
d(l) − ∆τδδδ(l) −

(
d(1) − ∆τδδδ(1)

)]
=
(

I − 1

2
∆τA

)

×
(

d(l−1) − d(0)
)

− 1

2
(∆τ)2A

(
λλλ(l) − λλλ(1) − λ̂λλ

(l−1) + λ̂λλ
(0)
)

. (58)

By adding the Eq. (51) to this and using λλλ(l) − λ̂λλ
(l−1) = δδδ(l−1) +λλλ(l) −λλλ(l−1) we get

the Eq. (52). ��
In order to make the relations in Lemma 1 to be useful, we need to be able to esti-

mate the norms of associated vectors. Using the constraints (47) and (50) we obtain
the following result.

Lemma 2 Let ‖ · ‖∞ be the l∞-norm and d(l) and δδδ(l) are defined as in Lemma 1.
Then the equation

‖d(l)‖∞ + ∆τ‖δδδ(l)‖∞ = ‖d(l) − ∆τδδδ(l)‖∞ (59)

holds for all ∆τ > 0.

Proof We consider the i th component of the vectors. The index i belongs to one of
the following four sets:

Set 1: i is such that λ
(l)
i = λ̂

(l)
i = 0. We have δ

(l)
i = λ

(l)
i − λ̂

(l)
i = 0 and, thus,

|d(l)
i | + ∆τ |δ(l)

i | = |d(l)
i | = |d(l)

i − ∆τδ
(l)
i |.

Set 2: i is such that λ(l)
i > 0 and λ̂

(l)
i = 0. We have δ

(l)
i = λ

(l)
i −λ̂

(l)
i = λ

(l)
i > 0. Due to

(47) and (50) we have u(l)
i = gi and û(l)

i ≥ gi . Thus, we get |d(l)
i |+∆τ |δ(l)

i | =
−d(l)

i + ∆τδ
(l)
i = | − d(l)

i + ∆τδ
(l)
i | = |d(l)

i − ∆τδ
(l)
i |.

Set 3: i is such that λ
(l)
i = 0 and λ̂

(l)
i > 0. We have δ

(l)
i = λ

(l)
i − λ̂

(l)
i = −λ̂

(l)
i <

0. Due to (47) and (50) we have u(l)
i ≥ gi and û(l)

i = gi . Thus, we get

|d(l)
i | + ∆τ |δ(l)

i | = d(l)
i − ∆τδ

(l)
i = |d(l)

i − ∆τδ
(l)
i |.

Set 4: i is such that λ
(l)
i > 0 and λ̂

(l)
i > 0. Due to (47) and (50) we have u(l)

i = û(l)
i =

gi . Thus, we get |d(l)
i | + ∆τ |δ(l)

i | = ∆τ |δ(l)
i | = |d(l)

i − ∆τδ
(l)
i |.

Hence, the equation |d(l)
i | +∆τ |δ(l)

i | = |d(l)
i −∆τδ

(l)
i | holds for all i . The Eq. (59)

follows from this. ��
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Using the previous lemmas we obtain the following main result which states that
under given assumptions the difference between the solutions is O((∆τ)2).

Theorem 1 Let the initial value for the operator splitting method (48)–(50) be û(0) =
u(0) and λ̂λλ

(0) = 0. Assume that the sequenceλλλ(1),λλλ(2), . . . ,λλλ(l) in the Crank–Nicolson
method (46) and (47) satisfies the condition

‖λλλ(1)‖∞ +
l∑

k=2

‖λλλ(k) − λλλ(k−1)‖∞ ≤ C1, (60)

where C1 is a positive constant independent of l = T/∆τ . Furthermore assume that
A is diagonally dominant matrix with positive diagonal entries, that is, for the entries
ai j of A it is assumed that

∑

j �=i

|ai j | ≤ aii for all i. (61)

Then the inequality

‖u(l) − û(l)‖∞ + ∆τ‖λλλ(l) − λ̂λλ
(l)‖∞ ≤ C2(∆τ)2 (62)

holds for ∆τ ≤ 1/(maxi aii ) and a positive constant C2 independent of ∆τ .

Proof We begin by showing that for any vector x the inequality

‖x‖∞ ≤
∥
∥
∥
∥

(
I + 1

2
∆τA

)
x

∥
∥
∥
∥∞

(63)

holds. Let i be such that |xi |≥|x j | for all j . Due to the inequalities aii −∑ j �=i |ai j |≥0,
−∑ j �=i |ai j ||xi | ≤ −∑ j �=i |ai j x j |, and |b| − |c| ≤ |b + c| for any real numbers b,
c, we obtain

|xi | ≤ |xi | + 1

2
∆τ

⎛

⎝aii −
∑

j �=i

|ai j |
⎞

⎠ |xi |

≤ |xi | + 1

2
∆τ

⎛

⎝|aii xi | −
∑

j �=i

|ai j x j |
⎞

⎠

≤
∣
∣
∣
∣xi + 1

2
∆τaii xi

∣
∣
∣
∣−

1

2
∆τ

∣
∣
∣
∣
∣
∣

∑

j �=i

ai j x j

∣
∣
∣
∣
∣
∣

≤
∣
∣
∣
∣
∣
∣
xi + 1

2
∆τ

∑

j

ai j x j

∣
∣
∣
∣
∣
∣
. (64)
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From this the inequality (63) follows.

Since û(0) = u(0), we have d(0) = 0. Due to this and λ̂λλ
(0) = 0 Lemma 1 gives us

(
I + 1

2
∆τA

)(
d(1) − ∆τδδδ(1)

)
= −1

2
(∆τ)2Aλλλ(1). (65)

From this we get the inequality

‖d(1) − ∆τδδδ(1)‖∞ ≤
∥
∥
∥
∥

(
I + 1

2
∆τA

)(
d(1) − ∆τδδδ(1)

)∥∥
∥
∥∞

≤ 1

2
(∆τ)2‖A‖∞‖λλλ(1)‖∞, (66)

where ‖A‖∞ = maxi
∑

j |ai j |.
Due to (61) and ∆τ ≤ 1/(maxi aii ) we obtain the inequality

1

2
∆τ‖A‖∞ = 1

2
∆τ max

i

∑

j

|ai j | ≤ 1

2
∆τ max

i
2aii = ∆τ max

i
aii

≤ 1

maxi aii
max

i
aii = 1. (67)

The inequality 1− 1
2∆τaii ≥ 0 follows from ∆τ ≤ 1/(maxi aii ) and aii −∑ j �=i |ai j | ≥

0 follows from (61). Using these we get the inequality

∥
∥
∥
∥I − 1

2
∆τA

∥
∥
∥
∥∞

= max
i

⎛

⎝
∣
∣
∣
∣1 − 1

2
∆τaii

∣
∣
∣
∣+

1

2
∆τ

∑

j �=i

|ai j |
⎞

⎠

= max
i

⎛

⎝1 − 1

2
∆τaii + 1

2
∆τ

∑

j �=i

|ai j |
⎞

⎠

= max
i

⎡

⎣1 − 1

2
∆τ

⎛

⎝aii −
∑

j �=i

|ai j |
⎞

⎠

⎤

⎦ ≤ 1. (68)

Let k be an integer such that k ≥ 2. Using Lemma 1, the previous inequalities (67),
(68), and Lemma 2 we get

‖d(k) − ∆τδδδ(k)‖∞ ≤
∥
∥
∥
∥

(
I + 1

2
∆τA

)(
d(k) − ∆τδδδ(k)

)∥∥
∥
∥∞

≤
∥
∥
∥
∥

(
I− 1

2
∆τA

)
d(k−1)− 1

2
(∆τ)2A

(
δδδ(k−1)+λλλ(k)−λλλ(k−1)

)∥∥
∥
∥∞
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≤
∥
∥
∥
∥I − 1

2
∆τA

∥
∥
∥
∥∞

‖d(k−1)‖∞ + 1

2
∆τ‖A‖∞∆τ‖δδδ(k−1)‖∞

+ 1

2
(∆τ)2‖A‖∞‖λλλ(k) − λλλ(k−1)‖∞

≤ ‖d(k−1)‖∞ + ∆τ‖δδδ(k−1)‖∞ + 1

2
(∆τ)2‖A‖∞‖λλλ(k)−λλλ(k−1)‖∞

= ‖d(k−1)−∆τδδδ(k−1)‖∞+ 1

2
(∆τ)2‖A‖∞‖λλλ(k)−λλλ(k−1)‖∞. (69)

Choosing k = l we have

‖d(l)−∆τδδδ(l)‖∞ ≤ ‖d(l−1)−∆τδδδ(l−1)‖∞+ 1

2
(∆τ)2‖A‖∞‖λλλ(l)−λλλ(l−1)‖∞. (70)

Using (69) from k = l − 1 to k = 2 and then (66) we get

‖d(l) − ∆τδδδ(l)‖∞ ≤ 1

2
‖A‖∞(∆τ)2

(

‖λλλ(1)‖∞ +
l∑

k=2

‖λλλ(k) − λλλ(k−1)‖∞

)

. (71)

The assumption (60) gives us

‖d(l) − ∆τδδδ(l)‖∞ ≤ 1

2
‖A‖∞C1(∆τ)2. (72)

By choosing C2 = 1
2‖A‖∞C1 and using Lemma 2 we get the inequality (62). ��

Remark 1 It is easy to show that the assumption (60) in Theorem 1 is fulfilled in the
case that ‖λλλ(k)‖∞ is bounded for all k and the sequence is λλλ(1), λλλ(2), . . ., is increasing
or decreasing componentwise. Based on our numerical investigations λλλ(k)s seem to
be bounded and they are decreasing componentwise in the problems considered in
Sect. 7.

Under the assumptions in Theorem 1 the accuracy of the operator splitting method
based on the Crank–Nicolson method has the same order of accuracy as the Crank–
Nicolson method which is at most O((∆τ)2). The possible irregularity of the solution
with respect to time might reduce these both orders of accuracy. For one-dimensional
American option pricing problems this reduction has been studied in [12], for example.

6 Multigrid

Optimal multigrid methods are scalable iterative methods in the sense that their
convergence rate does not deteriorate when the grid step size decreases. For example,
the convergence of the (projected) SOR method slows down as the grid step size is
made smaller. Here, we describe only briefly the multigrid method which we have
used in the numerical experiments. For details we refer to the books [5,16,27,28].
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The basic idea of multigrid methods is to reduce low frequency error using coarser
grids while high frequency error can be typically reduced using a standard iterative
method on the fine grid. A multigrid method uses a restriction operation to transfer the
solution or residual to a coarser grid. We have chosen to use the full weighting restric-
tion. For coarser grids we construct matrices by discretizing Heston’s operator on
them. The solution or correction to it is transferred to a finer grid using a prolongation
(interpolation) operation. We use the bilinear prolongation operator.

In a multigrid, the iterative method which reduces the high frequency error is called
a smoother. For the Laplace operator, the (point) Gauss-Seidel or SOR method can
be used as a smoother. Heston’s operator requires a more involved smoother. Clarke
and Parrott used a x-line Gauss-Seidel type smoother in their multigrid [8]. Oosterlee
performed Fourier analysis for smoothers for Heston’s operator [25]. According to the
analysis the point Gauss-Seidel method is not good smoother while the x-line Gauss-
Seidel smoother is efficient when the grid is fine in the y-direction. An alternating
direction line Gauss-Seidel method was found out to have good smoothing proper-
ties for all grids. Thus, we chose to use the alternating direction line Gauss-Seidel
smoother.

One cycle of the multigrid method is much more expensive than one (P)SOR iter-
ation. In the alternating direction line Gauss-Seidel smoother, the x-line and y-line
Gauss-Seidel sweeps can be both considered to be comparable in computational cost
to a matrix vector multiplication. We use one presmooth iteration before moving to a
coarser grid and one postsmooth iteration after adding the correction from the coarser
grid. Thus, the computational cost of the smoothing is similar to four matrix vector
multiplications. The multigrid also performs two matrix vector multiplication in order
to compute the residual twice during one cycle. Thus, one cycle requires six matrix
vector multiplication type operations on the finest grid. By summing operations over
all grids we get that one multigrid cycle corresponds approximately eight matrix vector
multiplications. Since one (P)SOR iteration is comparable to a matrix vector multi-
plication, one multigrid cycle is roughly eight times more expensive than one (P)SOR
iteration. On the other hand a large number of SOR iterations are required to reduce
the residual by the same amount as one multigrid cycle does.

7 Numerical experiments

In the following experiments, we study the properties of the operator splitting methods
numerically. The prices of American put options are computed using the model (11)
with the parameter values:

α = 5, β = 0.16, γ = 0.9, ρ = 0.1, r = 0.1, and K = 10. (73)

In order to compare computed option prices to the reference values, we chose the
parameter values (73) to be the same as in [8,25,30]. Furthermore, we use the same
computational domain [0, X ] × [0, Y ] × [0, T ] = [0, 20] × [0, 1] × [0, 0.25] as in
[25].

In the first numerical experiment, we compare the option prices obtained by an
operator splitting method with the prices computed using the PSOR method and the
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prices presented in the references. The time convergence rates of four operator splitting
methods are studied in the second experiment, and in the last numerical experiment, we
compare the efficiency of the operator splitting algorithm with the multigrid method
to the efficiency of the PSOR method.

7.1 Option prices computed using the operator splitting method

We computed the prices of the American put options using the operator splitting (OS)
method (43)–(45) based on the Runge-Kutta scheme. These prices are presented in
Table 1 for the asset values x = 8.0, 9.0, 10.0, 11.0, 12.0, and for the variance values
y = 0.0625 and y = 0.25. We have used three different discretization grids in order
to study the accuracy of numerical solutions. In the tables, the grids are defined by the
triplets (m, n, l) where m, n, and l are the numbers of steps in the x-direction, in the
y-direction, and in the τ -direction, respectively.

For the comparison, the option prices computed using the PSOR method are also
given in these tables as well as the prices reported in [8,25,30]. As one can see from
Table 1, the operator splitting method produces prices which are in good agreement
with the prices obtained by the PSOR method. Only one price differs at the third
decimal while other prices have three, four or even five same decimals. Furthermore,
the prices obtained with the finest grid are fairly similar to the ones given in [25,30].

We study the accuracy of the finite difference discretizations used to compute
the American option prices by computing the prices of the corresponding European
options. Table 2 reports these approximate prices, their errors, and the exact prices.
The error is the l2 norm of the vector containing the errors at the ten points. The exact
prices have been computed using an analytical formula found in [17], for example.
The ratios of consecutive errors are 3.91 and 3.88 which suggest that the discretization
scheme is nearly second-order accurate.

7.2 Time convergence

Next, we study the time convergence rates of the operator splitting methods based on
the implicit Euler (IE) scheme, the Crank–Nicolson (CN) method, the BDF2 formula,
and the Runge-Kutta (RK) scheme. The same American put option pricing problem
is considered as before. In this experiment, we compare the errors and the conver-
gence rates obtained with the operator splitting methods and with the PSOR method.
Moreover, we have computed the errors and their ratios also for the explicit payoff
method.

The spatial grid was chosen to be (m, n) = (80, 32) while the number of time
steps varies from 4 to 256. In Tables 3 and 4, we report the l2 error based on the ten
points used in the previous experiments. Our reference solution was computed with the
PSOR method using the Runge-Kutta time discretization on the (80, 32, 8192) grid.
The ratios in the tables were calculated by dividing the error of the previous coarser
time discretization by the error of the current discretization. The PSOR method with
the implicit Euler scheme is referred as PSOR-IE and the operator splitting method
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Table 1 Option prices for American put options

Method (m, n, l) y Asset value

8.0 9.0 10.0 11.0 12.0

(80,32,16) 0.0625 2.00000 1.10612 0.51784 0.21217 0.08147

0.25 2.07783 1.33232 0.79438 0.44697 0.24200

OS (160,64,32) 0.0625 2.00000 1.10728 0.51948 0.21326 0.08187

0.25 2.07830 1.33335 0.79558 0.44793 0.24259

(320,128,64) 0.0625 2.00000 1.10761 0.51987 0.21353 0.08197

0.25 2.07847 1.33361 0.79587 0.44816 0.24272

(80,32,16) 0.0625 2.00000 1.10599 0.51787 0.21222 0.08150

0.25 2.07754 1.33219 0.79435 0.44699 0.24204

PSOR (160,64,32) 0.0625 2.00000 1.10718 0.51946 0.21327 0.08188

0.25 2.07815 1.33325 0.79554 0.44793 0.24260

(320,128,64) 0.0625 2.00000 1.10749 0.51985 0.21354 0.08198

0.25 2.07829 1.33351 0.79583 0.44815 0.24273

Ref. [8] 0.0625 2.0000 1.1080 0.5316 0.2261 0.0907

0.25 2.0733 1.3290 0.7992 0.4536 0.2502

Ref. [25] 0.0625 2.00 1.107 0.517 0.212 0.0815

0.25 2.079 1.334 0.796 0.449 0.243

Ref. [30] 0.0625 2.0000 1.1076 0.5202 0.2138 0.0821

0.25 2.0784 1.3337 0.7961 0.4483 0.2428

Table 2 Option prices for European put options

(m, n, l) y Asset value

8.0 9.0 10.0 11.0 12.0 Error

(80,32,16) 0.0625 1.83864 1.04717 0.49961 0.20690 0.07995

0.25 1.97672 1.27882 0.76833 0.43496 0.23662 3.42e-3

(160,64,32) 0.0625 1.83879 1.04804 0.50100 0.20785 0.08030

0.25 1.97716 1.27970 0.76935 0.43577 0.23710 8.74e-4

(320,128,64) 0.0625 1.83885 1.04827 0.50135 0.20810 0.08039

0.25 1.97727 1.27992 0.76960 0.43598 0.23722 2.25e-4

Exact 0.0625 1.83887 1.04835 0.50147 0.20819 0.08043

0.25 1.97731 1.27800 0.76969 0.43605 0.23726

based on the implicit Euler scheme is referred as OS-IE. Methods based on other time
discretizations are referred in the same way.

Similar errors can be observed for the operator splitting method and the PSOR
method for all time discretizations. Actually, for many discretizations the errors for
the operator splitting method are smaller. First-order convergence rate can be observed
for the implicit Euler scheme and the operator splitting method based on it. The second-
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Table 3 l2 errors and their ratios for the PSOR method

l PSOR-IE PSOR-CN PSOR-BDF2 PSOR-RK

Error Ratio Error Ratio Error Ratio Error Ratio

4 5.93e-2 4.53e-2 2.15e-2 2.52e-3

8 3.20e-2 1.85 8.68e-3 5.22 6.58e-3 3.26 1.00e-3 2.52

16 1.69e-2 1.89 4.40e-4 19.74 2.29e-3 2.88 4.25e-4 2.36

32 8.77e-3 1.92 1.78e-4 2.47 8.48e-4 2.70 1.74e-4 2.44

64 4.51e-3 1.94 7.07e-5 2.52 3.18e-4 2.66 6.55e-5 2.65

128 2.30e-3 1.96 2.73e-5 2.59 1.19e-4 2.69 2.49e-5 2.63

256 1.17e-3 1.97 9.38e-6 2.91 4.29e-5 2.77 8.49e-6 2.94

Table 4 l2 errors and their ratios for the operator splitting methods

l OS-IE OS-CN OS-BDF2 OS-RK

Error Ratio Error Ratio Error Ratio Error Ratio

4 5.87e-2 4.61e-2 2.52e-2 7.82e-3

8 3.03e-2 1.94 8.37e-3 5.51 6.60e-3 3.83 2.42e-3 3.23

16 1.56e-2 1.94 9.43e-4 8.88 1.93e-3 3.42 8.48e-4 2.85

32 8.11e-3 1.93 4.06e-4 2.32 6.25e-4 3.09 3.42e-4 2.48

64 4.23e-3 1.92 1.34e-4 3.03 1.99e-4 3.14 1.18e-4 2.89

128 2.20e-3 1.92 3.89e-5 3.44 7.24e-5 2.75 3.46e-5 3.41

256 1.14e-3 1.94 1.00e-5 3.88 2.76e-5 2.62 1.07e-5 3.23

order accurate time discretization schemes and the operator splitting methods based
on them cannot maintain second-order convergence rate when the number of time
steps is increased. The Crank–Nicolson method is not L-stable and due to this the
convergences of the PSOR and operator splitting methods based on it are a bit erratic.

For a comparison, we also computed the prices with the explicit payoff (EP) method
which has been considered for an one-dimensional American option pricing problem
in [10,11,20]. In this method, at each time step the system of linear equations resulting
from the discretization of the PDE for the corresponding European option is solved
and then the maximum between the solution and the payoff function is taken compo-
nentwise. In the operator splitting method and in the explicit payoff method, a system
of linear equations is solved and a simple update is performed at each time step and,
hence, the computational costs of these methods are essentially the same. According to
Tables 4 and 5, the proposed operator splitting methods are much more accurate than
the explicit payoff methods. Only first-order convergence rates can be observed with
the explicit payoff method even when the second-order accurate time discretization
schemes are used.

Tables 3 and 4 show that the second-order time discretizations cannot maintain
second-order time convergence. This was also observed in [12] with the Black–
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Table 5 l2 errors and their ratios for the explicit payoff methods

l EP-IE EP-CN EP-BDF2 EP-RK

Error Ratio Error Ratio Error Ratio Error Ratio

4 2.28e-2 5.49e-2 2.82e-2 1.27e-2

8 1.20e-3 19.09 1.51e-2 3.63 1.11e-2 2.54 5.95e-3 2.14

16 3.63e-4 3.30 5.30e-3 2.85 5.35e-3 2.08 2.51e-3 2.37

32 8.94e-5 4.06 2.69e-3 1.97 2.74e-3 1.96 1.45e-3 1.73

64 2.37e-5 3.78 1.37e-3 1.97 1.52e-3 1.80 7.03e-4 2.06

128 5.50e-6 4.30 6.86e-4 1.99 7.99e-4 1.90 3.51e-4 2.01

256 1.31e-3 1.97 3.43e-4 2.00 4.00e-4 2.00 1.75e-4 2.01

Scholes model. The free boundary moves faster near the expiry which makes the
solution less regular for small τ . In [12], adaptively chosen time steps restored second-
order convergence. To study the influence of nonuniform time steps, we choose them
according to

∆τ(k+1) =
[(

k + 1

l

)2

−
(

k

l

)2
]

T (74)

for k = 0, . . . , l − 1. Table 6 compares the time convergence of methods based the
Crank–Nicolson time discretization. EP refers to the explicit payoff method, OS refers

to the operator splitting method with λ̃λλ
(k+1)

chosen according to (37), and OS2 refers

to the operator splitting method with λ̃λλ
(k+1)

chosen according the generalization of
(38) to nonuniform time steps given by

λ̃λλ
(k+1) = λλλ(k) + ∆τ(k+1)

∆τ (k)

(
λλλ(k) − λλλ(k−1)

)
. (75)

Based on Table 6 the nonuniform time steps given by (74) lead to second-order
convergence with the PSOR method and the operator splitting methods. With these
methods the use of nonuniform time steps become clearly beneficial only with fairly
larger number of time steps. The explicit payoff method is first-order accurate and it
has similar accuracy with uniform and nonuniform time steps.

7.3 CPU-time comparison

In our last numerical experiment, we compare the efficiency of the PSOR method and
the operator splitting method. We report the CPU-times required to solve the previ-
ously described American put option pricing problem on a PC with 3.8 GHz Xeon
processor when different discretization grids are used. The time discretization is based
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Table 6 l2 errors and their ratios for nonuniform time steps

l EP-CN PSOR-CN OS-CN OS2-CN

Error Ratio Error Ratio Error Ratio Error Ratio

4 3.45e-2 2.28e-2 3.52e-2 8.52e-2

8 1.33e-2 2.59 1.20e-3 19.09 4.88e-3 7.20 1.40e-2 6.09

16 7.13e-3 1.87 3.63e-4 3.30 2.21e-3 2.21 2.55e-3 5.49

32 3.62e-3 1.97 8.94e-5 4.06 1.01e-3 2.19 5.02e-4 5.08

64 1.84e-3 1.97 2.37e-5 3.78 3.33e-4 3.03 6.58e-5 7.63

128 9.25e-4 1.99 5.50e-6 4.30 9.40e-5 3.54 9.61e-6 6.84

256 4.66e-4 1.98 1.37e-6 4.02 2.45e-5 3.84 1.67e-6 5.76

512 2.34e-4 1.99 3.49e-7 3.93 6.21e-6 3.94 3.69e-7 4.53

1024 1.17e-4 2.00 8.69e-8 4.01 1.56e-6 3.97 8.89e-8 4.15

on the Crank–Nicolson method with uniform time steps and in the operator splitting

method λ̃λλ
(k+1)

chosen according to (38).
For the PSOR method the stopping criterion and the relaxation parameter have

to be chosen. The iteration was stopped when the norm of the residual was reduced
below 10−5 times the norm of the right-hand side vector. Based on numerical tests,
the error due to the termination of iterations is smaller than the discretization error. On
the other hand, the criterion is not unnecessary tight which would increase the CPU-
time without increasing accuracy. The relaxation parameter ω was optimised for the
different grids as the choice of ω has significant effect to the efficiency of the PSOR
method. For example, the value ω = 1.5 for the grid (m, n, l) = (320, 128, 64) leads
the CPU-time to be 8.23 seconds while with the choice ω = 1.8 it is 3.73 seconds.
These parameters and also the average numbers of iterations are presented in Table 7.

With the operator splitting method many efficient solution method for the system
of linear equations can be used. In this experiment, we employ the multigrid (MG)
method described in Sect. 6 with the operator splitting method. According our tests,
the multigrid method is not so sensitive to the choice of the stopping criterion as the
PSOR method, and the value 10−5 for the reduction of the norm of the residual is
also suitable for the multigrid method. It is easier to use the multigrid method than
the PSOR method, since the PSOR method requires optimisation of the relaxation
parameter in order to achieve fast convergence.

We report the l2 error for each numerical solution in Table 7. We have used four
different time step sizes and several space discretization grids. The most coarse grid is
(40, 16, 16) and the most fine grid is (640, 256, 128). The errors for the PSOR method
and the operator splitting method differ for each discretization grid due different time
discretizations of the LCP. We can observe that the errors are smaller for the opera-
tor splitting method except on the (80, 64, 32) grid. Here, the reference solution was
computed using the operator splitting method on the (2560, 1024, 512) grid.

Table 7 shows CPU-times in seconds required for the PSOR method and for the
operator splitting method. For coarser grids the CPU-times are quite similar for these
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Table 7 CPU-times for the PSOR method and the operator splitting method

(m, n, l) PSOR OS2 with MG

Error Iter ω CPU Error Iter CPU

(40,16,16) 1.55e-2 10.4 1.4 0.00 1.49e-2 2.0 0.00

(40,32,16) 1.61e-2 12.9 1.4 0.00 1.55e-2 2.0 0.00

(80,16,16) 4.57e-3 22.1 1.6 0.01 4.06e-3 2.0 0.01

(80,32,16) 4.44e-3 22.1 1.6 0.02 3.69e-3 2.1 0.02

(80,32,32) 4.19e-3 14.4 1.5 0.04 3.77e-3 2.0 0.04

(80,64,32) 1.72e-3 16.1 1.6 0.09 3.83e-3 2.0 0.09

(160,32,32) 1.36e-3 32.9 1.7 0.17 9.79e-4 2.0 0.08

(160,64,32) 1.30e-3 32.0 1.7 0.33 8.78e-4 2.1 0.17

(160,64,64) 1.15e-3 20.1 1.7 0.42 9.19e-4 2.0 0.33

(160,128,64) 1.16e-3 21.9 1.7 0.92 9.13e-4 2.0 0.75

(320,64,64) 4.22e-4 49.9 1.8 2.07 2.43e-4 2.0 0.74

(320,128,64) 4.05e-4 45.4 1.8 3.73 2.17e-4 2.1 1.62

(320,128,128) 3.28e-4 26.9 1.7 4.46 2.24e-4 1.7 2.68

(320,256,128) 3.30e-4 29.8 1.8 9.84 2.46e-4 1.7 5.48

(640,128,128) 1.43e-4 65.3 1.8 21.34 6.88e-5 2.0 6.63

(640,256,128) 1.42e-4 69.4 1.8 45.21 6.71e-5 2.0 13.63

two solution methods. The fairly good performance of the PSOR method is due to
optimised relaxation parameter ω and strongly diagonally dominant matrices leading
to faster convergence. We see that the operator splitting method with the multigrid
method requires much less time when finer grids are used.

8 Conclusion

We have described operator splitting methods for numerically pricing American
options under Heston’s stochastic volatility model. In these splitting methods, each
time step is divided into two fractional steps. In the first step, a system of linear
equations is solved while in the second step the constraint due to the early exercise
possibility of the American option is enforced by performing a simple update. With
this approach efficient solution methods for a system of linear equations can be applied
without modifications.

Our analysis suggest that the Crank–Nicolson method with the implicit treatment of
complementarity conditions (for example, the PSOR method) and the operator split-
ting method based on it have the same order of accuracy. In the numerical experiments,
the accuracy of solutions obtained using any of the tested four implicit time discreti-
zations with the PSOR method and the corresponding operator splitting method were
similar. The second-order time discretizations and the operator splitting methods based
on them could not maintain second-order time convergence with uniform time steps.
Using refined time steps near the expiry we observed second-order time convergence
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with the methods based on the Crank–Nicolson time discretization excluding the
explicit payoff method. The explicit treatment of complementarity conditions in the
explicit payoff methods leads to reduced accuracy and first-order time convergence.

The operator splitting method with a multigrid method for solving the systems of
linear equations was faster than the PSOR method. On finer grids the operator splitting
approach was several times faster while on coarser grids the CPU-times were similar.
Also in a recent comparison of several numerical methods in [22] the operator splitting
method was competitive.
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